We observe a hidden analytic structure for two-loop Higgs plus three-parton amplitudes. We compute the Higgs to two-quark and one-gluon (H → qqg) and Higgs plus three-gluon (H → 3g) amplitudes in effective theory with general operators. By changing the quadratic Casimir CF to be CA, the maximally transcendental part of the H → qqg amplitudes is reduced to that of H → 3g amplitudes, which also coincides with the counterpart in N = 4 SYM. This generalizes the so-called maximal transcendentality principle to Higgs amplitudes in full QCD. We verify that the principle applies to more general two-loop form factors with other local operators and three partons, in both QCD and scalar-YM theory. Another interesting relation is also found between the leading color H → qqg amplitudes and the universal density function of minimal form factors with higher length operators in N = 4 SYM. We summarize the universal two-loop building blocks and describe their correspondences.
INTRODUCTIOIN
The study of analytic results has been crucial for uncovering new hidden structures of scattering amplitudes. A famous example is the Parke-Taylor formula for treelevel maximally helicity violating (MHV) gluon amplitudes [1], which is remarkably simple and unanticipated from traditional Feynman diagram methods. Another striking example is the six-point two-loop MHV amplitude (or equivalently, lightlike hexagon Wilson loop) in the planar maximally supersymmetric Yang-Mills (N = 4 SYM), for which the seventeen-page result in terms of multiple polylogarithms [2] turned out to be equivalent to a few lines of classical polylogrithms [3] .
While significant progress has been made in the study of loop amplitudes in supersymmetric theories such as N = 4 SYM, it should be fair to say that the analytic structure of amplitudes in realistic QCD is still largely unexplored beyond one loop. This is partially due to the limit of computational power or methods, such that not so many analytic results have been obtained. (See e.g. [4] [5] [6] [7] [8] [9] for recent progress on gluon amplitudes.) Still, one may hope that a new vista of unexplored loop structure awaits us also in QCD.
In this paper, we consider two-loop Higgs amplitudes in Higgs effective theory [10] [11] [12] [13] [14] with three partons in QCD. Understanding these observables is not only important from a purely quantum-field-theoretical point of view but also has a wide range of important applications, such as in the Higgs production at the Large Hadron Collider, see e.g. [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . We find that the Higgs plus 2-quark and 1-gluon amplitudes (H → qqg) are tightly related to Higgs plus three-gluon amplitudes (H → 3g). Concretely, their maximally transcendental parts are identical under a simple change of color factor. Furthermore, these maximally transcendental parts, while being strikingly simple, turn out to be quite universal and appear in form factors with general local operators.
The above observation is closely related to the so-called principle of maximal transcendentality, conjectured first in [26, 27] that, for certain quantities such as the anomalous dimensions or BFKL kernals, the QCD results [28] with highest transcendental degree produce the N = 4 SYM results. Here, transcendental degree characterizes the algebraic complexity of transcendental numbers or functions. For example, π n or log n (x) has degree n, the Riemann zeta value ζ n or polylogrithm function Li n also has degree n, and the degree for algebraic numbers or rational functions is zero.
A further surprising observation shows that such a correspondence does not only apply to pure numbers (anomalous dimensions) but also to kinematicsdependent functions (amplitudes) [29] : the two-loop BPS form factor in N = 4 SYM coincides with the maximally transcendental part of the H → 3g amplitudes with leading dimension-5 effective operator [30] . More recently, the Higgs amplitudes with dimension-7 operators and the corresponding form factor in N = 4 SYM were also found to share the same maximally transcendental part [31] [32] [33] [34] . See also other examples for Wilson lines [35, 36] and collinear anomalous dimension [37] .
So far, the correspondence for Higgs amplitudes or form factors has been known only for the H → 3g amplitudes, which involve only adjoint states. The surpring new observation of this paper is that the principle can be extended to the H → qqg amplitudes. By converting the representation of quarks from the fundamental to the adjoint, the maximally transcendental part are precisely the same as corresponding amplitudes with pure gluons:
Max. Tran. of (H → qqg)| CF →CA = Max. Tran. of (H → 3g) = Max. Tran. of N = 4 form factors .
We checked this correspondence by computing several new results, including Higgs amplitudes with higher dimension operators in effective theory, and form factors with more general operators such asψψ. We also compute form factors involving fundamental scalars in scalar-YM theory. They all satisfy the above principle, suggesting the relation is universal.
As another surprising observation, we find that, for the H → qqg amplitudes with length-3 operators, the leading-color maximally transcendental result coincides with the universal density remainder of minimal form factors with higher length operators in N = 4 SYM [38] [39] [40] [41] , up to simple terms containing ζ 3 , ζ 4 . This suggests the maximal transcendentality principle applies to general minimal form factors with higher length operators in QCD.
Our main founding is summarized in Table I .
SETUP AND COMPUTATION
Higgs amplitudes computed using Higgs effective Lagrangian can be understood as form factors, which are matrix elements of a local operator O i with n on-shell partons
The operator O i corresponds to a Higgs-gluon interaction vertex HO i in the effective Lagrangian. The leading terms contain dimension-4 and 6 operators [42] [43] [44] [45] [46] 
We define the length of a given operator O as L(O), and its minimal form factor as F O,L(O) , such that at tree-
For instance, the minimal form factor of O 0 has two external gluons, so the length of O 0 is two. Similarly, O 1 has length three. Using the equation of motion, the opera-
where n f is the flavor number) are equivalent. So the minimal form factor of O 4 requires two external quarks and one gluon, thus O 4 has length three.
We introduce a notation for the operators, where the blob
represents an adjoint field and
a fundamental field. By contracting color indices, they form a color-singlet operator. The number of blobs matches the length of the operator. For example:
where φ is a fundamental scalar in scalar-YM theory. Our study focus on the form factors of these operators with three on-shell partons up to two loops. The integrands of 3-gluon form factors can be obtained efficiently using unitarity based method [47] [48] [49] (see [31] for further details). The 2-loop form factors with external fundamental quark or scalar states contain more complicated color structures, in particular the non-planar diagrams contribute. For these cases, we generate loop Feynman diagrams using FeynArts [50] . In both computations, we convert tensor integrals to scalar integrals using the gauge invaraint basis, see e.g. [30, 31, 51, 52] . We use integration by parts (IBP) reduction [53, 54] (see public codes [55] [56] [57] [58] ) to reduce the integrands to master integrals. All master integrals we consider are known explicitly in terms of two-dimensional harmonic polylogarithms [59] [60] [61] . Our results are regularized in the conventional dimensional regularization (CDR) scheme and MS renormalization scheme [62] . The IR divergences are subtracted via Catani subtraction formula [63] .
Let us mention a few non-trivial checks of the results. First, we reproduce the O 0 form factor with three partons [30] . For H → 3g, we do the computation independently using Feynman diagram and unitarity methods and find complete consistency. Second, the form factor results of O i , i = 0, 1, 2, 4 satisfy the linear relation
Third, our results reproduce the universal IR divergences. After renormalization, subtracting IR divergences, and dividing by the tree form factor F (0) O , we are left with a finite remainder function R
O . We decompose the two-loop remainder according to the color structure as:
where C A , C F are the quadratic Casimirs in the adjoint and fundamental representations, respectively. In SU (N c ) group, we have
The remainders of three partons depend on three ratio kinematic variables:
MAXIMAL TRANSCENDENTALITY PRINCIPLE: LENGTH-2 CASES
The two-loop remainders consist of functions of transcendentality degree ranging from 4 to 0 and can be de-composed as
where R
O;d has uniform transcendentality degree d. We note that n f terms never appear in the maximally transcendental (degree-4) part, which is given by
We first consider the form factors of O 0 =tr(F 2 ) which is a length-2 operator. As previously mentioned, the remainder of the O 0 → 3g form factor in both N = 4 SYM and QCD share the same maximally transcendental functions [29] ,:
for which we introduce the function R
L2;4 , where L2 means length-2. Note that the C A C F and C As we will see below, this function is a universal building block of length-2 form factors. We give its explicit expression in the CDR and Catani subtraction schemes:
where
and u 1 = u, u 2 = v and u 3 = w. We check that the N = 4 remainder is given by the same result when using Catani IR subtraction scheme (see also [29, 65] ). Next we consider the H → qqg amplitudes, which were given in [30] . Remarkably, the direct sum of three terms in (13) gives precisely the gluon remainder
which corresponds to making the simple replacement for the color factor
or equivalently, changing the fermion representation to be adjoint. This surprising relation means that quark and gluon amplitudes are strongly correlated, despite that they have very different interactions and color structures. Let us stress that the correspondence is not obvious at all. There are significant differences between H → 3g and H → qqg result. Unlike the 3-gluon case, the latter have non-trivial C A C F and C 2 F parts, and each of them contributes transcendentality degree-4 terms with non-trivial multiple polylogarithms. Besides, the H → 3g amplitude enjoys a permutational symmetry, while in H → qqg amplitude only a flip symmetry (v ↔ w) is left.
To explore this relation further, we compute the form factor ofψψ. It turns out that the maximally transcendental part of the remainder satisfy the same relation:
We have also considered the scalar-YM theory, where the fundamental quarks are replaced by fundamental scalars, including operators such asφφ andφ ← → ∂ µ φ. It turns out that for these form factors, their maximally transcendental part are exactly the same as theψψ results, even before changing any color factors. This suggests that each term with different color factors is universal as well. It also shows that the correspondence is insensitive to the spin of the fields. However, we note that each terms in (20) are different from their counterpart in (18) . This is not surprising, since the operators tr(F 2 ) and {ψψ,φφ,φ ← → ∂ µ φ} have different color structures, as indicated in (7).
MAXIMAL TRANSCENDENTALITY PRINCIPLE: LENGTH-3 CASES
Let us turn to length-3 operators. We first consider the form factors of O 1 =tr(F 3 ). Recently, it has been observed that the maximal transcendental part of the O 1 → 3g form factor remainders are the same in QCD and N = 4 SYM [31, 32] :
L3;4 is a universal building of length-3 form factors, which in the CDR and Catani subtraction schemes can be given explicitly as [31] (see also [38] [39] [40] [41] 
We computed the H → 3g amplitudes with higher dimension length-3 gluon operators up to dimension sixteen, and they all share the the same maximally transcendental part.
Next we consider the form factors with external quarks. We start with the operator O 4 ∼ F µν D µ (ψγ ν ψ). Remarkably, we find the remainder of the form factor satisfy the same relation found in the length-2 cases:
L3;4 .
We stress that the maximally transcendental functions are very different between the length-2 and length-3 cases. They both satisfy the same structure strongly suggests the principle is universal. Let us mention another surprising relation. If we reorganize the remainder in terms of N c expansion using (10), the leading color (N 2 c ) piece is given by the following simple form:
Strikingly, the symbol of this function is exactly identical to a building block that appeared as the universal partial density remainder for minimal form factors with higher length operators in N = 4 SYM, first obtained for tr(φ L ) [38] and later for more general operators [39] [40] [41] . Their functional forms only differ by very simple terms: This is very surprising in the sense that the building block in N = 4 SYM is a partial quantity for higher length minimal form factors, while here it is the full leading color piece for a length-3 form factor with fundamental quarks. This implies that the density for higher length form factors in QCD is independent of the representation and the spin of the particles. The leading N c contribution for the minimal form factor with an length-L operator
) is expected to be given by:
up to simple terms containing ζ 3 , ζ 4 .
We summarize the above correspondences in Figure. 1. For completeness, we give the simple N −2 c term:
The N 0 c part can be derived from (23), (24) , and (27) . In the scalar-YM theory, same as the length-2 case: for all examples we considered, they have identical maximal transcendentality functions as the cases with fermions, without changing any color factors. This corroborates the observation that the correspondence is insensitive to the the spin of the particles.
SUMMARY AND DISCUSSION
In this paper, we generalize the maximal transcendentality principle to Higgs amplitudes and form factors in full QCD. In particular, by a simple change of the color factors, the maximally transcendental part of the H → qqg amplitudes are identical to the H → 3g amplitudes. The relation applies to both length-2 and length-3 operators. Their universal maximally transcendental parts are given in (15) and (22), respectively. We also find that the leading color term of H → qqg amplitudes with length-3 operator is equivalent to the N = 4 remainder density for higher length operators. We verified the correspondence with a number of non-trivial new results, including Higgs amplitudes with higher dimensional operators in effective theory, and form factors in both QCD and scalar-YM theory. We summarize the correspondence in Table I .
The maximal transcendentality principle may be expected to applied to more general observables such as 
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scattering amplitudes (without local operators) or Wilson loops. In these cases, we expect the appropriate observables to consider are those that also exist in the conformal sector of QCD, i.e. they appear non-trivially in N = 4 SYM. For scattering amplitudes, a natural consideration is the remainder functions of cross ratios, which may be expected starting from six-gluon case [66] . A further understanding of analytic structures may lead to a better way of computing amplitudes or form factors. As mentioned at the beginning, the final analytic results often present surprising simplicity which is hard to understand using traditional Feynman diagram methods. The simple universal relations of the results we find suggest that there should be further hidden structures to be revealed, which hopefully will help us to derive the final results without involving complicated intermediate steps.
